2. Burnside's bound for the order of B(3, n). 2.1. The group B(3, 1) has order 3. Let B" = B(3, n) be finite with order 6n. Then [2, p. 320] Bn+i={Bn, a|x3=l}; the elements of Bn+i are of the form g = ua±1va±1 ■ ■ ■ a±xw where u, v, wÇE.Bn; using the relation (yz)3= 1 in the form yzy = z~ly~lz~l the number of terms a*1 in g can be reduced to at most two; all elements of Bn+i are comprised in the following set (1) u, (2) ua±lv,
where u, v, w range over Bn; this gives the estimate 0n ^ 33"'\ 2.2. We now remark that in this set of "basic forms" (3) can be improved to (3' ) a~luav since uava_1w = a~iu~1a~1u~1va~1w = a~1Ui(a~1via~1)w = a~1uivrlavr1w -a~xu2avi. Thus the order of G will be a maximum when G~F/*r(F). This is the lower bound referred to, for the order of B(pr, n). When p = r = 2 it becomes 2n+l+(n-l)2" which is the lower bound given by Sanov [3] for the order of B(4, n).
This bound is not, of course, a good one-although it becomes less trivial, for fixed p, as r increases. Thus, it yields 27 as a lower bound for B(i, 2) which is known to have order 212, and 3" for B(3, n) which has order 3n+"c1+"cs • and, of course, the order of B(pr, n) may well be infinite. However, its main interest lies in the directness of its derivation.
